SUPPORT VARIETIES FOR QUANTUM GROUPS. 
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1. Introduction. 

Given a root datum {Y,X,...) and an odd integer / G.Lusztig defined a finite-dimensional 
Hopf algebra u over the cyclotomic field k := Q(0 where ^ is a primitive /— th root of unity, 
[Lull . Suppose that / > h where h is the Coxeter number of the split reductive Lie algebra 



see 



Q over k associated to the root datum (F, X, ...). In this case the cohomology H'{u,k) of 
do ' algebra u with trivial coefficients were computed by V.Ginzburg and S.Kumar, see [pK|| . For 
any u— module M one defines the support variety \u\m (copying the corresponding constructions 
from the theory of modular representation of finite groups and from the theory of restricted 
■ Lie algebras), see below. It follows from the result of Ginzburg and Kumar that |u|jvf is a 
^ [ closed conical subvariety of the nilpotent cone Af C g. 

Let Ug be the quantum group with divided powers associated with root datum (Y,X,...). 
Consider the category C of finite-dimensional U^— modules of type 1. Any M e C is a u— module 
'. in natural way. So we can consider the support variety |u|a/. It is a G— stable subset of nilpotent 
J> ' cone, where G is a split algebraic group over k associated with {Y,X,...). Let 2a denote the 
codimension of |u|a,/ in A/". Our first main result (Theorem [4.1[ ) relates the integer a and the 
O dimension of M. Namely, we prove that if / is prime then dimM is divisible by 

Recall that the category C is a direct sum of some its subcategories called linkage classes, see 
| [APW| |. Our second main result (Theorem |5.2| ) gives an a priori 'estimate' of support variety 



^ for a module in a fixed linkage class. 

bJT) As an application we compute (combining Theorems |4.1| and |5.2D the support varieties of 

! Weyl modules, see Theorem |6.1| . Another application (and third main result of this note) is the 

qh' computation of support varieties for tilting modules over the quantum group of type A^, see 

■ Theorem |6.5| . This computation verifies the remarkable Humphreys' Conjectures (in quantum 

• '-j . setting) on support varieties of tilting modules and Lusztig's bijection between two-sided cells 

r\ [ in affine Weyl group and nilpotent orbits, see and ^]6| below. In fact, the attempts to handle 



I these Conjectures were the starting point of this work. 

Our considerations (except for the computation of support varieties of tilting modules) are 
applicable as well to the situation in characteristic p > 0. In this context the algebra u becomes 
the restricted enveloping algebra of the Lie algebra g (considered over a field of characteristic 
p). In this case our Theorem |6.1| gives a positive answer to Jantzen's Question 2.7 (1) for 
p > h. 

I am happy to express my sincere gratitude to J.Y.Shi who taught me everything I know 
about cells in affine Weyl group of type An. Moreover, this work arose from the attempts to 
apply his results on cells to Humphreys' Conjectures. Thanks are also due to M.Finkelberg for 
many helpful conversations and infinite patience. I am greatly indebted to J.C.Jantzen who 
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found a gap in the first version of this note. I am grateful to J.Humphreys for many useful 
comments. 



2. Preliminaries. 

2.1. We fix a ground field k. From now on all objects and tensor products will be considered 
over k if not indicated otherwise. 



2.2. We fix a simply connected root datum {Y,X,...) corresponding to an indecomposable 
Cartan matrix. Let G, g, b, n, W, R, R denote the corresponding split algebraic group, its Lie 
algebra, its Borel subalgebra, nilpotent radical of Borel subalgebra, Weyl group, root system, 
the set of positive roots, and the dual root system respectively. For any a E R let a denote 
the corresponding coroot. Let ( , ) : X x F — > Z denote the canonical pairing. Let p E X 
denote the halfsum of all positive roots. We will denote by dot (e.g. w ■ A) the action of W on 
X centered in (— p). The set of simple coroots is denoted by /. For any i E I let ai denote the 
corresponding simple root. Let X+ = {A G X|(A,aj) > 0,-j G /} denote the set of dominant 
weights. Let h denote the Coxeter number of g. 



2.3. We fix an odd integer / > h, for g of type G2 we suppose that / is not divisible by 3. Let 
^ be a primitive l—th root of unity. 

Let denote the quantum group with divided powers corresponding to (Y,X,...) as de- 
fined in and let C denote the category of finite-dimensional U^— modules of type 1. Let 



eI'^\ fI^\ Kf^, i G /, s > denote the standard generators of algebra U^. We set 

U := /Ideal generated by{i\:. - 1}. 

Let B C U denote the Borel subalgebra. For any A G X, A; > let if^(A) G C denote the higher 
induced module from one- dimensional representation of B corresponding to A, see [ APW ]. For 
A G X+ the socle L{X) of H^{X) is simple and nonzero. The modules L{X) are distinct and any 
simple module in C is isomorphic to some L{X). 



2.4. Let Wa denote the affine Weyl group: it is generated by W and by translations by IX for 
all X eY. Let X/Wa denote the set of PVa— orbits in X with respect to the dot action. For any 
fl G X/Wa let C{fl) denote the full subcategory of C consisting of modules with composition 
factors L{X) where X E fl. The Linkage Principle (see ||APW|| ) asserts that 



c= c{n). 

n€X/Wa 

Moreover all composition factors of any module H^{X) are of the form L{fi) where fi E Wa ■ X. 



2.5. We refer the reader to [|An]| for the definition and properties of tilting modules over U. 
Recall that 

(i) Any tilting module is a sum of indecomposable ones. 

(ii) Indecomposable tilting modules Q{X) are naturally labelled by the dominant weights 
A G X+. 

(iii) Tensor product of tilting modules is tilting. 

(iv) The module H^{X) is tilting iff it is simple. 
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2.6. Let Q denote the category of tilting modules over U. The full subcategory Q' d Q is 
called tensor ideal if for any M G Q' and N ^ Q 

(i) any direct summand of M lies in Q'. 

(ii) M^N eQ. 

All tensor ideals in Q were described in |Ps|| using results of and |S2[ (these results are 
proved for simply laced root systems; the proof for non-simply-laced case is not yet written 
down) . 

We will say that weights A, /i G X+ lie in the same weight cell if the tensor ideals generated 
by and coincide, i.e. Q{X) is a direct summand of Q{fi) ® Q for some Q E Q and 

conversely. Thus X+ is partitioned into weight cells (this partition depends on /). It follows 
from [Psj that the set of weight cells is bijective to the set of canonical right cells in an affine 
Weyl group of g, see |[LuX| . 



2.7. Let u denote the quantized restricted enveloping algebra, see |[Lul|| . It is a Hopf algebra 
of dimension /'^"^f. Let b denote its Borel subalgebra. 



2.8. G.Lusztig defined the Frobenius map U U{g), see |[Lu|| . Its kernel is U ■ u+ = u+ ■ U 
where u+ is the augmentation ideal of u. In particular, there is a natural U (g)— module structure 
on the cohomology H'{u, M) of a U— module M. 

3. Support varieties. 

In this section we define support varieties for Hopf algebras (repeating the definitions for 
finite groups or for restricted Lie algebras) and recall their basic properties. 

3.1. Let a be a finite dimensional Hopf algebra. It is known that the cohomology algebra 
with trivial coefficients H'{a) = H'{aL,k) is commutative, see [pK|| . Suppose that H*{sl) is a 



finitely generated algebra. Denote by |a| the affine algebraic variety associated to the algebra 
H'^'"{a) (cohomology of even degrees). The variety |a| is equipped with natural C*— action and 
distinguished point G |a|. Let M be a finite dimensional a— module. Let |a|j\,/ C |a| be the 
zero locus of the kernel of the natural morphism H'^^{a) — >■ Extl^{M, M). 

Definition. The variety \sl\m is called the support variety of the module M. 

It is clear that |a|M is conical with respect to the natural C*— action and M ^ implies that 
G |a|M- 

Remark. Let {Lk},k G -ft' be a collection of representatives of all isomorphism classes of 
simple a— modules. Then \a.\M is the union of supports of sheaves if*(a, ® M) in |a|. The 
proof repeats word by word the arguments in ||FF2| 1.4. 



3.1.1. Examples, (i) Consider the case of the algebra a = u. In this case it is known that 
H*{u) = H^^{u) = C[Af] where C[A/'] denote the algebra of functions on the nilpotent cone 
Meg, see [pK|| . Hence, |u| = Af. 



(ii) Let a = b. In this case H*{h) = H'^'"{h) = S'{n*), see loc. cit. Hence, |b| = n. 

(iii) Let M be the trivial one- dimensional a— module. Then obviously |a|A/ = |a|. 

(iv) If M is projective then |a|A/ = 0. 

3.2. The following Lemma is a Hopf-algebra analogue of the properties of support varieties 
established in in the case of restricted Lie algebras. 

Lemma, (cf. |Tl|] 3.3(3), 2.2(1), 3.3(1)) (i) Let M,N be a-modules. Then |a|Af®iv = |a|A/ U 

|a|Ar. 
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(ii) Let ai,a2 be Hopf algebras. Let (p : ai ^ sl2 be a homomorphism of algebras. It defines 
the morphism (p : |ai| |a2|. For any a2~module M we have \sli\m C 0^"'^|a2|A/. 

(iii) Let — ^ Mi —>■ M2 — > M3 —>■ be an exact sequence of a— modules. Then for any 
permutation {i,j,k) of (1,2,3) we have |a|jvf,; C |a|A/^ U |a|j\4. 

Proof, (i) is clear from the Remark pTT . 

(ii) is clear from the functoriality of cohomology. 

(iii) is clear from the long exact sequence for cohomology. □ 

3.3. Let M be a U— module. We will write |u|Af for |u|j^ggU^^. 

Lemma. For any \J— module M the variety \u\m is a G— invariant subset of the nilpotent 
cone Af. 

Proof. See □ 



3.4. Lemma, (cf. 3.3(5)) Suppose the map H^'"{a) H^'"{a) H^^{a) induced by the 
coproduct 6 : a ^ acg>a corresponds to the diagonal map \a\ |a| x |a| . Then for any a— modules 
M and N we have \a\M^N C \a\M H |a|7v 
Proof. Clear. □ 

Remarks, (i) For all the algebras we consider below the assumption of Lemma is satisfied, 
and we will omit the checking. 



(ii) It can be conjectured that equality holds: |u|M(g)Ar = |u|m fl |u|7v, cf. |PP1|| 2.1(c). 



3.5. Corollary. Suppose A,/i G X+ lie in the same weight cell. Then |u|q(a) = |u|q(^). 
Proof. Q{X) is a direct summand of Q{fi) (8> Q for some Q & Q. By Lemmas p.2| (i) and 

we obtain an inclusion |u|q(a) C |u|q(^). By symmetry we have the inverse inclusion. □ 

3.5.1. Corollary. There is a well-defined order-preserving map Ti from the set of canonical 
right cells to the set of closed G— invariant subsets of M . 

3.6. Now let us formulate the Humphreys' Conjectures. Recall that the set of canonical right 



cells is bijective to the set of all two-sided cells in the affine Weyl group Wa, see |[LuX|| . Further 



more, G.Lusztig constructed a bijection between the set of two-sided cells in Wa and the set of 



nilpotent orbits in g, see |[Lu2|| . Composing these bijections we obtain a bijection between the 
set of canonical right cells and the set of closed irreducible G— equivariant subsets of N . The 
Conjecture 1 below is a quantum version of Hypothesis 12, and the Conjecture 2 modulo 
Conjecture 1 is close to discussion in the last paragraph of 12. 

Conjecture 1. The map Ti coincides with Lusztig's bijection. 

Suppose I is prime. 

Conjecture 2. Suppose |u|q(a) has codimension 2a in M . Then dim (5(A) is divisible by Z". 
Remark. In fact, J.Humphreys conjectured a stronger relation between the dimensions of 
tilting modules with regular highest weight and the dimension of their support varieties. 



4. Dimensions of U-modules. 

4.1. Let dR = YlaeR+iP^^) (denominator of the Weyl dimension formula). This section is 
devoted to the proof of the following 

Theorem. Let M EC. Suppose the codimension of\\i\M in |u| is equal to 2a. Then djidimM 
is divisible by l"". 

Remarks. (i)The codimension of a closed G— invariant subset of J\f is always even since the 

number of nilpotent orbits is finite and any orbit is a simplectic variety. 
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(ii) If I is prime then we get divisibility of dim M by (since in this case dn is not divided 
by / > h). 



(iii) The Theorem imphes the Conjecture 2 in 3^ 
4.2. Proof. We will write |b|A/ for |b|T^„„u,,.,. It is a subset of n = |b|, see 13.1.1 



Lemma, dim |b| — dim \h\M > cl- 



'ReSb (M)' 



Proof. By Lemma p.3| we have |b|M C nfl |u|m. Further, \u\m is a union of a finite number 



of nilpotent orbits. Let O be a nilpotent orbit. Then O fl n is a lagrangian subvariety in O, see 
||CG|| . In particular dim(Onn) = |dimO. Since dimn = |dimA/'we have dimu — dim(Onn) = 
I (dim A/" — dimO). The result follows. □ 

4.3. Now we use an interpretation of the dimension of the support variety as complexity of 



the module, see [ [FP2|| 3.1. 

Lemma. For any h— module N there exists a projective resolution P* ^ N and a constant 
C such that dim(P^) < Cidim|bU~i^ ^ > 



Proof repeats word by word ||FP2|| 3.2. □ 



4.4. Recall that the algebra b has a natural F— grading, see |[Lu]| . We consider the induced 
Z— grading such that any simple root has degree 1 (principal grading). The module M obvi- 
ously has a Z— grading compatible with the principal grading on b since M is a restriction of 
U— module (this grading comes from the weight grading of M). We will say that b— module is 
graded if it has Z— grading compatible with the principal grading of b. 



4.5. For any finite dimensional Z— graded space N = (Bi^zNi let dimjA^ denote its graded 

^iezdimAT.f . Set p{t) = UaeR+ JTtT^' 



dimension dimtN = ^-^^dim Nit\ Set p{t) = YlaeR n-^X'^)-! - The following result is well- 



known. 

Lemma. Let P be an indecomposable projective h— module. It admits grading such that 
dimt P = f^pit) for some integer c. 

We will refer to the number c as to height of the graded module P. 

4.6. Lemma. There exists a projective resolution P* ^ M and a constant C such that 

(i) it is graded; 

(ii) indecomposable projectives with height c can occur with nonzero multiplicity only in 
with <i < c; 

(iii) dim(P*) < CidimibiM-i^ ^ > i_ 

Proof. Clear. □ 

4.7. Let us return to our module M. We may (and will) suppose that dim^ M is a polynomial 
with nonzero constant term (shifting the grading). 

Lemma. There is a constant C such that dimjM = p{t)s{t) where s{t) = ^^q"^*^* ^'^ ^ 
Taylor series with integral coefficients and \si\ < Ci^^'^^^^'^'~^,i > 1. 
Proof. Consider the function s{t) = ^^f^- It is a rational function with poles in certain 

roots of unity of degree dul since p(t) = implies t'^^'' = 1. Let s{t) = ^® Taylor 

expansion of s{t). Suppose the inequality in Lemma does not hold. For any 1 < k < d^l consider 
the sequence Pk{i) = Sk+idni- We claim that all these sequences are polynomials in i for i large 
enough. Moreover, for some k the sequence Pk{i) is polynomial of degree > dim|b|M by our 
assumption. It follows that ^^11=1 increases faster than C' j^^™^^^^'^^ . But this is impossible 
since s{t) can be obtained by computing Euler characteristic of the resolution given by Lemma 



4.6. The Lemma is proved. □ 



Corollary. The series s{t) is a rational function with poles of order less than or equal to 



dim lb 



M- 



4.8. Set d{i{t) = na6-R+ ^~T^r~- that the polynomial dR{t)p{t) has zero of order dimn 
at any nontrivial /— th root of unity. It follows from the Lemma and Corollary ^.7| that the 
polynomial dR{t) dimt M has zero of order at least dimn — dim|b|M > a at any nontrivial 
/— th root of unity. Hence the polynomial d^lt) dim^ M with integral coefficients is divisible by 

(^jzf^ ■ Consequently, dndimM is divisible by 1°". The Theorem is proved. □ 

4.9. Corollary (of the proof). In notations of Theorem the polynomial dimt(M) has a zero 
of order > a at any primitive l—th root of unity. Conversely, let dim((M) have a zero of order 
< a at any primitive l~th root of unity. Then the codimension of \u\^j in |u| is less than or 
equal to 2a. 

Example. Let M = H^{X) for A G X+. By the Weyl character formula (see ||APW|| ) we have 

f{\+p,a) _ 1 

= n -luw^- 

In particular the order of zero at /— th primitive root of unity is equal to the number of positive 
roots a such that (A + p,a) G /Z. 

5. Estimation of the support variety. 

In this section we estimate the support variety of a U— module in a given linkage class. This 
is a quantum analogue of Jantzen's Conjecture 2.7(1). 



5.1. For any A G X consider the following root subsystem of R: 

R^ = {ae R\{X + p,a) G IZ}. 

It is easy to see that if A and fi lie in the same linkage class, then Rx and i?^ are conjugate with 
respect to the Weyl group action. Fix a linkage class Q containing a weight A. Choose J G I 
such that Rx is VT— conjugate to the parabolic root subsystem Rj (this is possible by |J2| 2.7). 
Let pj C denote the corresponding parabolic subalgebra, and let Uj C pj (resp. Ij) denote 
its nilpotent radical (resp. Levi subalgebra). 

5.2. This section is devoted to the proof of the following 

Theorem. The support variety of any module in the linkage class Q is contained in G ■ Uj. 

Remark. G ■ Uj is an irreducible G— equivariant subvariety of Af. Hence, G ■ Uj is the closure 
of a nilpotent orbit O. This orbit is called a Richardson orbit (corresponding to J). It is known 
that dim G ■ Uj = dim O = 2 dimuj. 

Before we start the proof we need some preparations. 

5.3. For any J C / we consider the parabolic quantum group Pj: it is a Hopf subalgebra of 
U generated by generators fI^\ Kf^, i G /, s > and E\^\i G J, s > (in notations of [|APW 



Pj = U(J)). Also consider the 'Levi subgroup' Lj: it is a Hopf subalgebra of U generated 
by Kf^,i G / and E'f\F^^\i G J,s > 0. We have a canonical surjection Pj Lj which 
sends F^^\i ^ J, s > to zero and other generators into themselves. Let Inf^^ denote the 
corresponding inflation functor from Lj— modules to Pj— modules. Obviously, this functor is 
exact. 



We define the parabolic and Levi subalgebras pj and Ij of u in tlie same way. Tliere is tlie 
Frobenius map Pj — > U{pj) (resp. Lj — > U{lj)) witli kernel Pj ■ (pj)+ = (pj)+ ■ Pj (resp. 
Lj ■ (lj)+ = ■ Lj) wliere (pj)+ C pj (resp. (lj)+ C Ij) is tlie augmentation ideal. 

5.4. Let H = L0 denote the subalgebra of U generated by Kf^^i G /. We have natural 
surjection B = P^ H. For any parabolic subalgebra P with Levi subalgebra L con- 
sider the functors Fi,F2 :{ integrable H— modules} { integrable P -modules}, Fi{M) = 
Ind^(Infg(M)),F2(M) = Inf^^(IndLnB(InfH'^^(M))). Here we use induction functors defined in 



Lemma. The functors Fi, F2 are isomorphic. In particular, for any integrable H— module M 
and i > we have: 

i?nnd£(Infg(M)) = lnfl{mndl^^{lnflP^{M))) 
Proof. It is enough to compare the right adjoint functors. □ 

5.5. Lemma. Let p G u be a parabolic subalgebra. Then H'{p) = H'^'"{p) is the algebra of 
regular functions on Af (1 p and the natural morphisms |p| |u| and |p| — >■ |1| are the natural 
inclusion and projection maps respectively. 

Proof is the same as in ||GK||. Recall it very briefly. First step is the computation of coho- 



mology of b. There exists a b— equivariant isomorphism of algebras H'^'{h) = S'{n*), see ||GK 



§2. Further, there are two spectral sequences 'E and "E, converging to the same limit, with 
i?2 "terms 

and 

"^r = ^"ind;;[Ej(i/^(b,fc)). 

Both sequences collapse at E2 and the second one converges to the algebra C[p fl TV] of reg- 
ular functions on p fl A/". The Lemma follows from this easily. Let us explain the equality 
Ind[^|^|(5'*(n*)) = C[p n A/"] and vanishing of i?Tnd[^|^|(S"(n*)), i > 0. From an exact sequence 
of [/(b)— modules (n/u)* n* — u* ^ we get that S'"(n*) has a filtration with quotients 
of the form 5'*((n/u)*) ^^""^(u*). Note that u* is a restriction of f/(p)— module and (n/u)* is an 
inflation of f/(bn [) -module (nnl)*- It follows that Ind(5'((n/u)*) ® 5'(u*)) = C[[nAr] ®5'(u*) 
and the higher inductions vanish. Hence, the natural inclusion C[p fl A/] ^ Ind[^|^j(S'*(n*)) 
induced by the restriction map C[p fl A/] — > S'*(n*) is an isomorphism (since we have an iso- 
morphism of affine algebraic varieties p fl A/" ^ u x ([ fi A/")) and the higher inductions vanish. 
□ 

5.6. Lemma. Let M be a projective I— module. Consider M as p— module via canonical sur- 
jection p — > I. Then \p\m is contained in u (unipotent radical ofp). 

Proof. Follows from the naturality of support variety, see Lemma |3^ (ii). □ 



5.7. Let L be a U— module. 

Lemma, (cf. 0, 1.6.12) For any P— module M there are two spectral sequences converging 
to the same limit, with E2 — terms: 

'El'" = HP{n, L ® RHnd^iM)) 

and 

"El^'^ = i?PInd^|;5(i/'?(p, L ® M)). 
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Moreover, the algebra H*{u) acts on both spectral sequences commuting with all differentials 
and the actions of H*{\i) on 'E^o and "E^o coincide. 

Proof. Consider the following functors Fi,F2 from the category of integrable P— modules 
to integrable [/(fl) -modules: F^ = (?)" o Ind^(?),F2 = Ind[J|jJ(?) o (?)p. We claim that these 
functors are isomorphic. Indeed, the left adjoint functor of Fi is isomorphic to the left adjoint 
functor of F2, since Resp (?)oInf^(-g-)(?) = Inf^(-p-)(?)oRes[^|p|(?). It follows that for any P— module 
N there are two spectral sequences 'E and "E converging to the same limit, with £'2— terms: 

'E^'' = HP{u,Rnnd^{N)) 

and 

"Er = i?pind;;jj;(/j^(p,iv)). 

We set N = L(g)M. Then i?^Indp (L(g)M) = LOi^^Indp (M) by the generalized tensor identity, 
APW|| 2.16 and M 1.4.8. Thus, we obtain required sequences. 



see 



Now set N = k. Then both spectral sequences collapse at £"2— terms and their £00— terms are 
equal to H'{u) (for "E this follows from the transitivity of induction and the proof of Lemma 
rsf). The second assertion of the Lemma follows. □ 



5.8. Lemma. Let A G X+ and w G W . All composition factors of H^{w ■ A) are irreducibles 
L{fi) with fi linked to A and < A. Moreover the composition factor L{X) occurs exactly once 
in the module H''^'^\w ■ A), and it does not occur in W{w ■ \),i ^ l{w). 
Proof. See ||APW|| and II.6.15-6.16. □ 



5.9. Let p be a parabolic subalgebra of g and let >S'*(p*) be the algebra of functions on p. 
Consider the variety G Xp p (where P is parabohc subgroup of G with Lie algebra p). Let 
C[G X p p] denote the algebra of functions on G Xp p. 

Lemma. There is an isomorphism of algebras Ind[^|p|(S'*(p*)) = C[G Xp p]. 
Proof. Let p : G Xp p ^ G/P denote the natural projection. Then the l.h.s. equals the 
global sections of the quasicoherent sheaf p^O[G Xp p]. The Lemma follows. □ 

5.10. Consider a graded vector space M' such that 

1) M' is a graded finitely generated S'*(p*)— module, 

2) M* is a graded integrable p— module, 

3) structures in 1) and 2) are compatible with respect to the coadjoint action of p on S'*(p*). 
Such a datum is equivalent to a datum of a P x C*— equivariant coherent sheaf S{M') on p. 

Let supp{M') denote the support of this sheaf. For any i > consider the graded vector space 
A^* := _RTnd^|p|(M'). It satisfies all the conditions l)-3) (for p replaced by g). Let us explain 
how this looks geometrically. Let g:Gxp— i>Gxppbe the natural projection. There exists a 
sheaf 5' on G Xp p such that q*S' = 0[G] ® S{M'). By Lemma U we have S{N*) = R'<p^S' 
where (f) : G Xp p Q,{g,p) ^ gpg'^- 

Lemma. We have supp{N*) C G ■ supp{M*). 

Proof. Clear. □ 

5.11. Proof of the Theorem. It is enough to check the simple modules L{X). We proceed 
by induction in A with respect to standard ordering on X (i.e. A>/iiffA — /iisa sum of simple 
roots with nonnegative coefficients). We assume that the Theorem holds for all modules L{fi) 
where fi E fl, fi < X. Choose w E W such that {w{X + p),Q:i) G /N for all i E J. Consider the 
P J— module M = Ind^'' {w ■ A). Note that our choice of w gives vanishing of R'^lnd^-'{w ■ A) 



for i > (by Kempf vanishing, see ||APW|| ). In particular, i?*Indp^(M) = W{w ■ X). Further, 
note that Indg"'(ty ■ A) is an inflation from Lj— module by Lemma [5 .41 and as Lj— module it is 
projective. 

Consider the spectral sequences given by Lemma ^.7| for a Pj— module M, and L running 
through the set of simple u— modules (note that any simple u— module can be lifted to a 
U— module). Suppose that |u|/,(;^) is not contained in G ■ Uj. Then by Lemmas and (iii) 
for some L the C[A/]— module H'{u, H^^'^\w ■ A) ® L) has support not contained in G ■ Uj. It 
follows that the same is true for '-Eqo- But this is impossible since 'E^ =" and by Lemmas 



5^, [5.10| the support of "Eoo is contained in G ■ Uj. The Theorem is proved. □ 



Remark. The same proof is applicable as well to the modular situation with p > h. 

6. Applications. 

6.1. Let A e X+. 

Theorem. In the notations of \5. ^ we have \u\fjO(^x) = G ■ Uj. 



Proof. The inclusion |u|/^o(;^) c G • Uj is proved in Theorem |5.2| . On the other hand we 



know from Example [4.9| and Remark that dim |u|//0(;^) > dimC ■ uj. The variety G ■ uj is 
irreducible. The Theorem follows. □ 

Remark. This gives also the support varieties for Weyl modules since the support varieties of 
a module and its dual coincide. 

6.2. From now on we consider the case of quantum SLn+i, i.e. we suppose that our root datum 
iY,X,...) is of type An- We identify i?+ with the set of pairs (ji, j2) G [ra + 1] x + 1], ji < j2 
(where [n + 1] denotes the set of natural numbers j such that 1 < j < n -\- 1). 

6.3. Let us fix a partition p = {pi, . . .} of n + 1. Let p' = {p[, . . . } denote the dual partition. 

6.3.1. Lemma. There exists a decreasing sequence of numbers Xi > X2 > ■ ■ ■ > Xn+i such that 
Xi — e Z and for J2i=iPi < J ^ J2i=i Pi '^^ have Xj — Xj+p'^ i ~ ^■ 

Proof. Choose any integers xi > X2 > ■ ■ ■ > Xp'^ > xi — I (This is possible since I > h = n). 
Now for any 1 < j < p'l set x-,s^k , = Xj — kl. □ 

6.3.2. Let us consider a weight A = (xi— X2 — 1, . . . , x„— — 1) (in coordinates corresponding 



to the basis of fundamental weights) where Xi are the numbers given by 6.3.1 . Obviously, 
A G X+. 

Lemma. The module Q{X) coincides with the induced module H^{X). 

Proof. It is enough to show that module H^{X) is irreducible by |2.5| (iv). This follows from 
the quantum analogue of irreducibility criterion 0, II. 8. 21. □ 

6.3.3. Lemma. For A as above \u\fjo(^x) = { the closure of orbit consisting of nilpotent elements 
with Jordan blocks of sizes {p[, . . .)} . 

Proof. It is easy to see that in this case Rx is of type v4pj„i x Ap^-i x . . . . Let Rj be a 
parabolic root subsystem which is W^— conjugate to Rx- By 2.6 we have G ■ Uj = closure 



of the orbit consisting of nilpotent elements with Jordan blocks of sizes (p'^, . . . ). The result 
follows from Theorem |6.1| . □ 

6.4. In our proof we will use the explicit description of cells in the affine Weyl group of type 
An given by J.Shi in terms of admissible sign types. We consider only the case of dominant 
admissible sign types, for the general case see ||Shi|] . 
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6.4.1. Definition. ( ||Shi|| ) Tfee map f : R+ —>■ {+,0}, is called dominant admissible sign type 
(dast for short) if for any a, P,a + (3 G R+ the equality f{a) = + yields f{a + /5) = +. 

Let JF denote the set of dasts, let Vn denote tlie set of partitions of n + 1. Let us define tlie 
map Tx : T ^ Vn- For any / G we say tliat a subset i^' C [n + 1] is connected if /(ji, 32) = + 
for any ji,j2 E K ,ji < j^. Now let pi be the maximal cardinality of a connected subset of 
[n + 1], Pi + P2 be the maximal cardinality of a subset of [n + 1] which is a disjoint union of 
two connected subsets and so on (see [[Shi|| ) . Then by C.Greene's Theorem pi, . . . iPk (A; is the 
largest integer such that pk is nonzero) is a partition of n + 1, i.e. pi > P2 > • • • > P/c- We set 
7r(/) = (Pi, . . . ,Pfc) G Vn- 

6.4.2. For any A G X4. we define / = /(A) G as follows: for any a G R+ we set /(a) = + if 
(A + p, a) > / and /(a) = otherwise. We get a map / : X+ — > JF. 

6.4.3. Consider the composition vr/ : X+ ^ P„. The fibers of this map are unions of alcoves 
(possibly not closed). According to [ [Shi]| §18.2 and §7.2 the partitions of the set of dominant 
alcoves into fibers of this map and into weight cells coincide. Moreover the orders on Vn and 
on the set of canonical right cells also coincide. Further, let tti denote the map from the set 
of weight cells to Vn induced by tt/. Identify Vn with the set of nilpotent orbits in SLn+i as 
follows: to a partition (pi, . . . ) we associate the orbit consisting of elements with Jordan blocks 
of sizes (p'^,...) (dual partition). It is well known that the map vri coincides with Lusztig's 
bijection. 

6.4.4. Examples, (i) For zero weight A = we have 7Tf{0) = (1,1,...) (recall that / > n). 
(ii) For the weight A from Lemma |6.3.2| we have vr/(A) = {pi, . . . ,Pk)- 



6.5. Theorem. For the quantum group of type An the map Ti (see 3.5.1 ) coincides with 
Lusztig's bijection. 



Proof. For A of |6.3.2| and |6.3.3| we have |u|q(a) = |u|//o(a) = the closure of orbit of type 



{p[, . . .). The Theorem is proved. □ 
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